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I. INTRODUCTION 

The l i n e a r i z e d  equat ions of motion f o r  t h e  O r b i t a l  
Assembly during missions AAP 1 / 2  and AAP 2/3A as  der ived  by 
Fearnsides  [ 1 3  are: 

2 2 + = 2aZ+cos2wot  - a s i n 2 w o t  
.. 
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.. 
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.. 
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Although t h e  unknown funct ion  + appears non- l inear ly  i n  t h e  second 
and t h i r d  equat ions as p a r t  of t h e  argument of both t h e  s i n e  and 
cos ine  func t ions ,  t h i s  system i s  s t i l l  l i n e a r  i n  t h e  sense t h a t  
t h e  equat ion  f o r  + ( t h e  f i r s t  one) is  "uncoupled" from t h e  second 
and t h i r d .  
frequency of d i s tu rbance ,  the a's and X's are parameters depending 
on t h e  moments of i n e r t i a ;  t h e  r eade r  i s  r e f e r r e d  t o  t h e  memorandum 
[ l l  f o r  a p r e c i s e  d e f i n i t i o n  of t h e s e  q u a n t i t i e s  as w e l l  as t h e i r  
values .  S u f f i c e  it t o  say here t h a t  t h e  terms on t h e  right-hand- 
s i d e  of t h e  system ( * )  which depend l i n e a r l y  on $, 8 ,  and +,  
r e s p e c t i v e l y ,  r ep resen t  t h e  g r a v i t y  g r a d i e n t  to rque ,  and t h e  
remaining terms on t h e  right-hand-side ( t h e  " fo rc ing  term") 
r e p r e s e n t  t h e  aerodynamic torque. 

The q u a n t i t i e s  $, 8, and + a r e  Euler  ang le s ,  w o  i s  a 
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I n  [ l l  , Fearnsides  was able t o  f i n d  a p a r t i c u l a r  

Two ques t ions  then n a t u r a l l y  

s o l u t i o n  t o  ( * )  which is per iodic :  
8 and $I having pe r iod  2a/w0. 
a r i s e :  

9 having per iod  a / w o  and 

1. A r e  t h e r e  o t h e r  s o l u t i o n s  t o  ( * )  which a r e  p e r i o d i c ?  
and, more impor tan t ly ,  

2. Is t h e r e  a sys temat ic  way t o  o b t a i n  t h e s e  s o l u t i o n s ?  
That i s ,  i f ,  f o r  example, the model f o r  t h e  aerodynamic 
torque  is changed, i s  there an algori thm which would 
enable  us t o  o b t a i n  e a s i l y  a new p e r i o d i c  s o l u t i o n ?  

I t  is  t h e  purpose of t h i s  memorandum t o  answer these 
ques t ions .  ( T h e  answer t o  the  f i r s t  is no, and t o  t h e  second 
i s  yes.  1 The answer t o  these ques t ions  i s  important  ( p a r t i c u l a r l y  
t h e  second) because t h e  ex i s t ence  of a p e r i o d i c  s o l u t i o n  and an 
algori thm t o  o b t a i n  it w i l l  e n a b l e  one t o  d e r i v e  a c o n t r o l  l a w  
which would r e q u i r e  a s i g n i f i c a n t l y  lower number of t h r u s t e r  
f i r i n g  than  the c u r r e n t l y  planned l a w .  (See [ l l . )  

W e  p r e f e r  t o  t r ea t  t h e  system ( * )  a s  a system of s i x  
f i rs t  o rde r  d i f f e r e n t i a l  equat ions of t h e  form 

where  t h e  n x n c o e f f i c i e n t  mat r ix  A and t h e  n vec to r  z a r e  
continuous and p e r i o d i c  w i t h  per iod  p ,  f o r  t 3 O .  This  r educ t ion  
of ( * )  t o  t h e  form of (1) w i l l  be  c a r r i e d  o u t  i n  Sec t ion  111. 
I n  Sec t ion  I1 a theorem i s  proved g iv ing  condi t ions  f o r  t h e  
e x i s t e n c e  of a unique pe r iod ic  s o l u t i o n  wi th  a c e r t a i n  pe r iod ,  
and, i n  t h e  process ,  t h e  des i r ed  algori thm f o r  ob ta in ing  such a 
s o l u t i o n  i s  der ived.  This a lgori thm is then  app l i ed  t o  t h e  
O r b i t a l  Assembly i n  Sec t ion  111. 
aerodynamic to rque ,  w e  found t h e  p e r i o d i c  s o l u t i o n  des i r ed .  

Using a s p e c i f i c  model f o r  t h e  

11. THE THEORY 

Before w e  s t a t e  the e x i s t e n c e  and uniqueness theorem, 
some pre l iminary  not ions  need be developed. W e  f i r s t  cons ide r  
t h e  homogeneous system corresponding t o  (1) : 
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B y  a fundamental ma t r ix  Y ( t )  w e  mean a matr ix  whose columns are 
l i n e a r l y  independent s o l u t i o n  vec to r s  of  ( 2 ) .  S ince  n l i n e a r l y  
independent s o l u t i o n s  span the s o l u t i o n  space,  any s o l u t i o n  of 
(2) can be expressed as a l i n e a r  combination of these independent 
s o l u t i o n s .  Hence w e  have 

Proper ty  1: I f  Y ( t )  is another  fundamental mat r ix  of ( 2 )  , there 
e x i s t s  a cons t an t  ma t r ix  C ,  such t h a t  

- 
Y ( t )  = Y ( t ) C  , d e t  C+O . 

W e  now de f ine  a "normalized" fundamental ma t r ix  K ( t , t O ) ,  
s o m e t i m e s  c a l l e d  t h e  " t r a n s i t i o n  ma t r ix , "  as follows: 

K ( t , t O )  is  a fundamental mat r ix  of ( 2 1 ,  and 

One can,  t h e r e f o r e ,  c o n s t r u c t  K ( t , t O )  by choosing, as column 
v e c t o r s ,  s o l u t i o n  vec to r s  y3 ( t)  whose i 
s a t i s f y  t h e  i n i t i a l  condi t ions  

t h  component a t  t = 

where 6 is  t h e  Kronecker d e l t a .  S ince  i n i t i a l  va lue  problems 
f o r  equat ion  ( 2 )  possess  unique s o l u t i o n s ,  K ( t , t  ) is  unique f o r  

Since any s o l u t i o n  t o  ( 2 )  can be expressed as a l i n e a r  

i j  
0 

any t o '  

combination of t h e  column vectors i n  K ,  one o b t a i n s  a r e p r e s e n t a t i o n  
formula f o r  an a r b i t r a r y  s o l u t i o n  y ( t )  t o  equat ion  ( 2 ) :  

( 3 )  
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where x 
y, y(tl) = x1 for any fixed t 

is the value of y at t=tO. Suppose now for a solution 0 
then applying ( 3 ) ,  we have 1' 

But 

Hence, 

Since x 

Property 2: 
In particular, we have 

can be arbitrarily chosen, we have 0 

K(t,tO) = K(t,tl)K(tl,tO) for all 0 I t, to, tl < m. 

If we now use the periodicity of A,  we obtain sane 
Since K is a solution matrix, we specific properties for K. 

have 
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Therefore  K(t+p,O) is another  s o l u t i o n  mat r ix .  But t h e  columns 
of K(t+p,O) a r e  again independent; hence, K(t+p,O) i s  ano the r  
fundamental ma t r ix  of (2). By Proper ty  1, t h e r e  e x i s t s  a c o n s t a n t  
ma t r ix  C ,  such t h a t  

f o r  a l l  t. Therefore ,  K(p,O) = K ( 0 , O )  C = C ,  and w e  have 

Proper ty  4:  I f  A is p e r i o d i c  wi th  pe r iod  p ,  

for a l l  0 I t < m. 

I f  w e  now apply P r o p e r t i e s  3 and 4 ,  w e  have 

K(O,t+p) = [K(t+p,O)]-'  

= [K(t,O)K(p,O) 1 - l  

= K (p , 0 -lK ( t , 0 ) - 

= K(O,p)K(O,t) . 
Proper ty  5: I f  A is  p e r i o d i c  wi th  pe r iod  p 

f o r  a l l  0 t < 43. 
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W e  can now apply P r o p e r t i e s  2 ,  3 ,  4 and 5 t o  o b t a i n  

Proper ty  6: I f  A is  p e r i o d i c  wi th  pe r iod  p ,  

K(t+p,T+p) = K ( t , T )  , 

f o r  a l l  t, -r>,O. 

W e  now r e t u r n  t o  t h e  inhomogeneous system (1). Any 
s o l u t i o n  x ( t )  of (1) can be represented  by 

where xo i s  t h e  va lue  of x ( t )  a t  t=tO. 
is  a s o l u t i o n  of (1) can be v e r i f i e d  by d i r e c t  computation. That  
( 4 )  gives t h e  only s o l u t i o n  t o  equat ion  (1) wi th  t h e  p rope r ty  
x ( t o )  = xo i s  due t o  t h e  f a c t  t h a t  i n i t i a l  va lue  problems -for  
equat ion  (1) possess  unique s o l u t i o n s  . 

That  x ( t )  g iven  by ( 4 )  

W e  can now s t a t e  t h e  main r e s u l t  of t h i s  s e c t i o n .  

Theorem: Given t h e  system 
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assume A and z are continuous and p e r i o d i c  wi th  pe r iod  p f o r  a l l  
t 2 0 .  A s s u m e  a l s o  t h a t  de t (K(p ,O)- I )  0 (i.e., 1 is n o t  an 
eigenvalue of K(p,O ) . )  Then 

a. t h e r e  e x i s t s  a unique s o l u t i o n  t o  t h e  above equat ion  
which is p e r i o d i c  with p e r i o d  p. [That i s ,  t h e r e  
e x i s t s  a unique i n i t i a l  vector xo which g i v e s  rise 
t o  a p e r i o d i c  s o l u t i o n  wi th  p e r i o d i c  p. 1 ; and 

b. t h e  corresponding homogeneous system possesses  no 
p e r i o d i c  s o l u t i o n s  of pe r iod  p. 

W e  remark he re  t h a t  p need n o t  be t h e  smallest pe r iod  
common t o  A and z, and t h a t  no mention was made of t h e  p o s s i b l e  
e x i s t e n c e  of o t h e r  p e r i o d i c  s o l u t i o n s  wi th  pe r iods  which are n o t  
i n t e g e r  m u l t i p l e s  of p. 

Proof:  W e  f i r s t  prove p a r t  (b) . Suppose t h a t  x ( t )  i s  a s o l u t i o n  
of) and i s  p e r i o d i c  wi th  per iod p. Then by formula ( 3 ) ,  and 
by t h e  p e r i o d i c i t y  of x, w e  m u s t  have 

Hence 1 is an eigenvalue of K(p,O) , which i s  a c o n t r a d i c t i o n .  

Next, w e  prove t h e  uniqueness p a r t  of ( a ) .  Suppose 
x ( t )  is  a p e r i o d i c  s o l u t i o n  of (1) with  pe r iod  p. L e t  x ( 0 )  = 

Then by t h e  r e p r e s e n t a t i o n  formula ( 4 )  and by t h e  p e r i o d i c i t y  
x ,  w e  m u s t  have 

O r  by mul t ip ly ing  through by K(O,p), t ranspos ing ,  and not ing  
t h a t  K ( ~ , T )  = K(p,O)K(O,r),  we o b t a i n  

(5) 

x O  
of 
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Now, s i n c e  1 is  no t  an eigenvalue of K(p,O),  it is  n o t  an 
e igenvalue  of K(0 ,p) .  Hence K(0 ,p) - I  i s  non-singular ,  and, 
t h u s ,  xo is  uniquely determined by (5). Therefore ,  x ( t )  is  
unique 1 y de te  mi ne d . 

W e  now prove t h e  ex i s t ence  of such a p e r i o d i c  
s o l u t i o n .  Since K(0 ,p) - I  is  non-singular ,  d e f i n e  t h e  v e c t o r  
x by means of equat ion  ( 5 ) .  Note t h a t ,  f o r  such an x o ,  one 0 
has  

Consider now t h e  i n i t i a l  value problem 

x = A x + z  

x ( 0 )  = xo 

The s o l u t i o n ,  c a l l  it 4 (t) , t o  t h i s  problem can b e  r ep resen ted  
by formula ( 4 1 ,  

W e  need only s h m  now t h a t  4 is p e r i o d i c  with per iod  p.  
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Since  K ( ~ , O ) K ( O , T )  = k ( p , T ) ,  t h e  q u a n t i t y  i n  t h e  b racke t s  i s  j u s t  
x 

u = T-p and use t h e  f a c t  t h a t  z(u+p) = z ( u )  , then  w e  have 
I n  t h e  second i n t e g r a l  i f  w e  make t h e  change of v a r i a b l e s  0' 

by Proper ty  6. Hence 

The proof i s  now complete. 
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W e  remark he re  t h a t  much of the foregoing can be found 
i n  s e v e r a l  books on d i f f e r e n t i a l  equat ions  and s t a b i l i t y .  W e  
c i te  here only t h e  book by Hahn 121 ,  where t h e  main theorem 
above is  t r e a t e d  b u t  n o t  f u l l y  proved. 

W e  now observe t h a t  t h e  e x i s t e n c e  proof of t h e  theorem 
a c t u a l l y  provides  an algorithm f o r  f ind ing  a p e r i o d i c  s o l u t i o n .  
TO r e c a p i t u l a t e ,  the p r a c t i c a l  procedure f o r  determining t h e  
p e r i o d i c  s o l u t i o n s  of system (11, wi th  A and z of pe r iod  p ,  i s  
as follows. 

a. 

b. 

C. 

d. 

Solve t h e  n i n i t i a l  value problems 

j = 1, ..., n 

i = i, ..., n 

Form t h e  mat r ix  K ( t , O )  by using t h e  s o l u t i o n  v e c t o r s  
y j  as columns. 

Check t h e  determinant of K(p,O)-I [ a t  only t h e  p o i n t  
t=p . l  If de t (K(p ,O)- I )  0 ,  then  o b t a i n  t h e  v e c t o r  
x uniquely by t h e  equat ion  0 

Solve the i n i t i a l  value problem 

T h i s  func t ion  + i s  t h e  p e r i o d i c  s o l u t i o n  sought. A l l  of  t h i s  
can be done on the  d i g i t a l  computer. Observe t h a t  t h e  cond i t ion  
d e t  ( K  (p,O) -I) $: 0 ,  and, t h e r e f o r e ,  t h e  a p p l i c a b i l i t y  of  t h i s  
a lgor i thm,  depends only on t h e  c o e f f i c i e n t  mat r ix  A and i s  
independent of t h e  " fo rc ing  term'' z .  
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W e  remark he re  t h a t  t h e  case where K(p,O)-I i s  s i n g u l a r  
is  a l s o  amenable t o  r igorous  t r ea tmen t ,  b u t  i t  i s  much more 
complicated and w i l l  n o t  y i e l d  t h e  same kind of r e s u l t  a s  t h e  
theorem i n  t h i s  s e c t i o n .  However, t h i s  theory  i s  not  needed 
f o r  t h e  s o l u t i o n  of t h e  s p e c i f i c  problem t o  be solved i n  t h e  
nex t  s e c t i o n .  

111. APPLICATION TO THE ORBITAL ASSEMBLY 

W e  now r e t u r n  t o  t h e  system ( * I .  I f  w e  l e t  or  = 1, 
and 

* = u, 
. 
8 = v, 

. + = W I  

then ( * )  can be changed t o  a n  e q u i v a l e n t  system of s i x  equat ions  
of t h e  f i r s t  o rde r .  But s ince  t h e  f i r s t  equa t ion  of ( * )  i s  
"uncoupled" from t h e  rest, t h e  system of s i x  f i r s t  o r d e r  equat ions  
i s  also "uncoupled,' ' y i e ld ing  two systems of t w o  and f o u r  equat ions  
r e spec t ive ly :  

(6) 

(7) 

4- 

0 

1 

0 

0 

1 

0 

0 a 2 (l+cos2wot) -a 2 sin2wot 

0 -a 2 sin2wot ax 2 (l-cos2wot) 

Y Y 

Y 

0 0 0 

1 0 0 
3 

8 -:I 9 
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W e  follow t h e  procedure o u t l i n e d  a t  t h e  end of t h e  
l a s t  s e c t i o n  f o r  bo th  systems ( 6 )  and (7), using t h e  numbers 
fo r  t h e  CY'S and X ' s  and wo i n  [l] . By so lv ing  t h e  t w o  appro- 
p r i a t e  i n i t i a l  va lue  problems for  t h e  homogeneous system cor- 
responding t o  system (61, w e  cons t ruc t ed  t h e  ( 2  x 2)  t r a n s i t i o n  
m a t r i x  K l ( t , O ) .  W e  then  checked t h a t  d e t ( K  ( L , O ) - I )  0 .  

*o  
W e  t h e n  computed t h e  unique i n i t i a l  vector which g i v e s  rise t o  

, and computed such a a p e r i o d i c  s o l u t i o n  $( t )  w i t h  pe r iod  - 
$. The same procedure i s  then followed f o r  system ( 7 ) .  W e  
solved fou r  i n i t i a l  va lue  problems f o r  t h e  corresponding homo- 
geneous system t o  c o n s t r u c t  the  t r a n s i t i o n  mat r ix  K 2  (t , 0 )  . 
The (smallest) common pe r iod  of t h e  c o e f f i c i e n t  ma t r ix  and t h e  
fo rc ing  term, i n  t h i s  system, i s  - 21T . 
det(K(w,O)-I)  i s  non-zero. Then by using t h e  va lues  of  t h e  

s o l u t i o n  $( t )  computed above i n  t h e  f o r c i n g  term of (71, w e  
computed the unique i n i t i a l  vec tor  which g i v e s  rise t o  t h e  

21T s o l u t i o n s  e ( t )  and @ ( t ) ,  which are p e r i o d i c  with pe r iod  - , 
as w e l l  as t h e  s o l u t i o n s  themselves. A p r i n t o u t  of  t h e  r e s u l t s ,  
as w e l l  as a p l o t  of $, 8 ,  @ ,  is  given a t  t h e  end of  t h e  memo- 
randum. They show very close agreement w i t h  t h e  r e s u l t s  of  [ll. 

IT 

w O  

W e  v e r i f i e d  t h a t  
w O  21T 

0 

w O  

Now t h a t  an algorithm t o  compute p e r i o d i c  s o l u t i o n s  
of ( * )  , has been obta ined ,  d i f f e r e n t  models of t h e  aerodynamic 
torque  can be e a s i l y  simulated.  Indeed, work is  under way t o  
s tudy  t h e  effects of t h e  d i u r n a l  bulge. 

The e x c e l l e n t  a s s i s t a n c e  i n  programming and computation 
by M r s .  Nancy Kirkendal l  is g r a t e f u l l y  acknowledged. 

1033-SCC-jr S. C. Chu 
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